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We propose a definition of self-adjoint unbounded linear operators on Banach 
spaces. A classical result of Glazman is shown to hold for such operators. An 
application of the extended Glazman’s theorem to spectra of differential operators 
on f.p(Wn) is given. (’ 1987 Academic Press. Inc. 
1. IMPETUS FOR THE PAPER: 
A PROBLEM IN PSEUDO-DIFFERENTIAL OPERATORS 
Let me (-co, co) and p E (0, I]. A C” function r~ on R” is said to be in 
y,10 if for each multi-index X, there is a constant C, > 0 such that 
I(D”a)(~)l 6 c, (1 + l{l)m-“‘s’, 5 E R”. 
Here, and in the sequel, the multi-index notation in the theory of partial 
differential equations will be used. See Section 1 of Chap. 3 in Schechter 
[7]. For GES~,, the pseudo-differential operator T, is defined on the 
Schwartz space Y by 
where 
The spectrum and essential spectrum of closed extensions of T, on Lp(R”), 
p # 2, have been studied by Wong [lo, 11, 141. The results obtained 
hitherto generalize those for partial differential operators in Chaps. 4 and 
11 of Schechter [7]. 
Let q be a complex-valued measurable function defined on R”. Denote 
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by 9 the set of all functions cp in Y such that q(p is in Lp(R”) and define 
the operator T: 9 -+ LP(lQ”) by 
TV= T,cp+qcp, cpE9. 
We shall prove the following theorem in Section 2. 
THEOREM 1.1. Suppose that there is a sequence {B, } of n-dimensional 
balls with centres ak and radii rk such that rk + co as k -+ co, q E LP(B,) for 
1 <p<oo and 
1 
-1 ld-~)lpdx-+O 
IBkl & 
as k+a, (1.1) 
brhere 1 B, 1 denotes the volume of B,. Then for any closed extension L of 
T: Q -+ L”( KY), 
where Z;,(L) denotes the essential spectrum of L introduced by Schechter. 
Remark 1.2. A recall of what Z:,(A) is for a closed operator A densely 
defined on a complex Banach space may be in order. If we denote the set of 
all complex numbers by @, then Z,s(A) = @ - {L E @: A - 1 is Fredholm 
with zero index}. See Schechter [7, p. 141 or Schechter [8, p. 1801. 
If we adjoin to L,,(A) all the limit points of the spectrum of A, we get the 
essential spectrum C,(A) introduced by Browder [ 11. If A has real spec- 
trum, then C,(A) = L’:,(A). For if A - 1. is Fredholm, then there is a com- 
plex neighbourhood of 1 in which A -p is Fredholm. Such a 
neighbourhood intersects the resolvent set of A, and consequently 
E. 4 Z,(A ). This fact is kindly pointed out to me by the referee. 
Theorem 1.1 generalizes earlier results of Glazman [4], Schechter 171, 
and Wong [12]. Hypothesis (1.1) suggests the following: 
PROBLEM 1.3. What happens if ( 1.1) is replaced by 
1 
-j lq(.~)Ipdx+Mp, 
IBkl & 
where M > O? 
Unfortunately, a satisfactory solution of Problem 1.3 is not yet known 
(and this is precisely the motivation of the study carried out in this paper). 
However, for p = 2, we have the following result in Wong [ 131. 
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THEOREM 1.4. Let (B, } he as in Theorem 1.1. Suppose that q E L*( Bk) 
and 
,fbr some A4 3 0. Let L he a selfiadjoint extension of T: 9 --t L’(W) such that 
the resolvent set p(L) (?1‘ L intersects (-co, co). Then for any 
p E (CT(<): c E R”), the interval [p - M, p + M] intersects the essential spec- 
trum of’ L. 
Remark 1.5. Theorem 1.4 is obviously trivial for any self-adjoint exten- 
sion L such that p(L) n ( - ;xi, a) is empty. 
Analogues of Theorem 1.3 for partial differential operators have been 
obtained by Glazman [4] and Schechter [7]. Theorem 1.4 and its related 
results rely heavily on concepts and techniques available only for Hilbert 
spaces, namely, self-adjointness and the spectral theorem. This is exactly 
why generalization of Theorem 1.4 to p # 2 is an interesting problem. In an 
attempt to solve the problem, a problem, more fundamental than the 
original one, should naturally emerge. 
PROBLEM 1.6. Find a suitable analogue of a self-adjoint operator of which 
the resolvent set irltersects ( - a, XI)). 
In this paper, we use the theory of Hermitian operators in the sense of 
Lumer [5, 63 to solve Problem 1.6. As a consequence, a possible solution 
of Problem 1.3 can be obtained. 
In Section 3, we recapitulate the definition and some important proper- 
ties of Hermitian operators on Banach spaces. We then look at closed 
operators A densely defined on Banach spaces such that the resolvent set 
p(A) of A intersects ( - ‘x8, CO) and (A - i) ’ is Hermitian for 1* in 
p(A) n ( - XI, a)). These operators are then shown to have real spectrum. 
We also give a condition to ensure that a closed operator A densely defined 
on a Banach space X has Hermitian resolvent. This result shows that 
operators with Hermitian resolvent are more general than a class of spec- 
tral operators of scalar type. In Section 4, we state a Banach space 
analogue of a result of Glazman (see Schechter [7, Theorem 7.16 in 
Chap. 11) for operators with Hermitian resolvent. As an application, we 
give a solution of Problem 1.3. The main result, i.e., the extended Glaz- 
man’s Theorem, is proved in Section 5. In Section 6, the closed extension in 
LP((w) of -d2/d.x’: Y -+ L”(R) is shown to have Hermitian resolvent for 
l<p<m. 
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2. PROOF OF THEOREM 1.1 
Indeed, let q E R” and a(s) = i. Let $ E C;-(W) be such that Ii/(x) = 0 for 
1x1 > 1 and II1c/ll,,= 1. For k= 1, 2 ,..., let 
(pk(x) = rk’lif 
x-ak *c- ) - ,iq3 rk 
Then an easy computation in Fourier transforms gives 
where p’ is the index conjugate to p. Using a change of variables, we get 
Using Taylor’s formula of the form 
letting j be the smallest integer greater than n/p and N any integer greater 
than j - n/p and m/p, we get 
(To-j.) cpk.(-u) 
where 
The first summand on the right-hand side of (2.1) is equal to 
c ,i.r ‘I rkfllP- IPI 
O<IPI<N 
VW) 
and hence its Lp norm goes to zero as k + co as in the proof of Theorem 
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6.4 in Chap. 4 of Schechter [7]. To study the Lp norm of the second sum- 
mand of (2.1), let ~1 be a multi-index with 1~1 = N, and put 
If c1 is a multi-index with 1x1 = j, then integration by parts and Leibnitz’ 
formula give 
x lF’{~+,&)}l d[. (2.2) 
Using the chain rule, we get 
(ii; R:‘)(i) = w;” ’ -s, g(~~+f~+q) P(l -t)N-l dt. 
P! 
(2.3) 
Since cr E S;;” and N > m/p, it follows from (2.3) that there is a constant 
C,,;. > 0 such that 
I(8 &)(i)l d Cl’;.’ (E R”. (2.4) 
Hence by (2.2), (2.3), and (2.4), we get 
Letting k + co, then T;(x) -0 and x’rf(x) +O uniformly on R” for 
1~1 = N and 1~1 =j. Hence liT;ll,, +O for 1~1 = N, i.e., the Lp norm of the 
second summand of (2.1) also goes to zero as k + co. It remains to prove 
that llq’pk II,, + 0 as k --+ cc and {(Pi } has no convergent subsequence. But 
this follows as in Schechter [7, pp. 74751. 
3. OPERATORS WITH HERMITIAN REXILVENT 
First, we recapitulate the definition and some important properties of 
Hermitian operators in Lumer [S, 61. Our starting point is the notion of a 
semi-inner-product introduced by Lumer [S]. A bounded linear operator T 
on a complex Banach space X is said to be Hermitian if there is a semi- 
inner-product ( , ) on X compatible with the norm II II of X such that 
(TX, X) is real-valued for all x in X such that llxll = 1. We record some 
important properties of Hermitian operators in Propositions 3.1-3.5. 
60716313.6 
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PROPOSITION 3.1. (i) Let IX,, CQ ,..., cxN be real numbers and T,, T2 ,..., T, be 
Hermitian operators. Then I,“= 1 elk T, is Hermitian. 
(ii) Let {Tk} b e a sequence of Hermitian operators on X converging 
strongly to T. Then T is Hermitian. 
PROPOSITION 3.2. A bounded linear operator T is Hermitian if and only if 
Ilexp(isT)lI < 1 ,for all s in (-co, ccl). 
PROPOSITION 3.3. The spectrum of any Hermitian operator is real. 
PROPOSITION 3.4. Let T be a Hermitian operator and Y any closed 
invariant subspace of X. Then the restriction of T to Y is also Hermitian. 
The proofs of Propositions 3.1-3.4 are either easy or can be found in 
Lumer [S, 61. The following result is due to Sinclair [9]. 
PROPOSITION 3.5. For anyi Hermitian operator T, 11 TII = v(T), u,here v(T) 
is the spectral radius of T. 
In this paper, we are interested in closed operators A densely defined on 
X such that p(A) n ( - co, cc ) is not empty and (A - 1,) ’ is Hermitian for 
i. in p(A) n ( - co, CC ). 
PROPOSITION 3.6. Let A be as in the preceding paragraph. Then the spec- 
trum qf A is real. 
Proof Let p E p(A) n ( - co, co). Then (A - p) ’ is Hermitian and 
hence has real spectrum by Proposition 3.3. The spectrum of A -,u is 
precisely the same as { l/A: 3c is in the spectrum of (A - CL) - ’ > and the proof 
is complete. 
We now show that operators with Hermitian resolvent do abound. We 
need a localization lemma. 
LEMMA 3.7. Let A be a closed operator densely defined on X such that 
p(A) contains a short segment I of the real axis and (A - I.))’ is Hermitian 
for all j” in I. Then (A -A)-’ is Hermitian for all 1 in p(A) n (-CO, co). 
Proof: For any x E X, we wish to show that f(A) = ((A - A) ~ ‘x,x) 
real-valued for all E. in p(A ) n ( - ‘x), co ). Obviously f(A) (and hence f(x)) 
are analytic on p(A). By hypothesis, f(A) =f (x) onJHence the uniqueness 
property of analytic functions implies that f  (I) = f  (A) on p(A) n ( - co, CO). 
This completes the proof. 
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THEOREM 3.8. Let A be a closed operator densely defined on X. Suppose 
that A generates a strongly continuous semigroup T(t) of Hermitian 
operators on X. Then p(A) intersects (-00, co) and (A --,I)’ is Hermitian 
for all 1, in p(A)n(-co, co). 
Proof Using the Hille-Yosida-Phillips Theorem, p(A) contains (w, co) 
for some real o. By localization, we need only prove that (A - 2) ~ I is 
Hermitian for all 1 in (0, co). But for any such 1, we have 
(A - 1))’ = JO= e”’ T(t) dt (in strong sense) 
and hence the conclusion follows from Proposition 3.1. 
Remark 3.9. Let A be an unbounded spectral operator of scalar type 
having real spectrum and Hermitian resolution of the identity {gj. }. See, 
e.g., Dunford and Schwartz [2] for the theory of spectral operators. Then 
A = 1: ?( j” d~j, and hence by Proposition 3.1, era = j? z e”- d~j. is Hermitian, 
i.e., A generates a strongly continuous semigroup of Hermitian operators. 
Hence, by Theorem 3.8, p(A) intersects ( - co, CXI ) and (A - 2)) ’ is 
Hermitian for all ,I in p(A) A (- CCI, cc ). 
4. A BANACH SPACE ANAL~CXJE OF A GLAZMAN'S RESULT 
Let A be as in Proposition 3.6. The following theorem is analogous to a 
result of Glazman, namely, Theorem 7.16 in Chap. 1 of Schechter [7]. 
THEOREM 4.1. Suppose that there is a normal and noncompact sequence 
{ uk ) of elements in the domain 9(A) of A such that 11 Au, /I d M for each k. 
Then the interval C-M, M] intersects the essential spectrum C,(A) of A. 
Theorem 4.1 is proved in Section 5. Meanwhile, we use it to give a 
possible solution of Problem 1.3. 
THEOREM 4.2. Let CJ E S;,, mE(-a, co) and p~(0, 11. Suppose that 
there is a sequence {B, } of n-dimensional balls with centres ak and radii rk 
such that rk -+ co as k -+ cc, qE LP(Bk), 1 <p < 00, and 
1 
li!%?f ,Bk, 
- lq(x)IpdxdMp, I Bk 
where 1 B, 1 denotes the volume of B,. Assume that there is a closed extension 
L of T 9 + Lp(F2”) such that p(L) intersects (-co, 00) and (L- ,I-’ is 
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Hermitian for A in p(L)n (-CO, CO). Then for any p in {o(t): <E W}, the 
interval [p - M, p + M] intersects the essential spectrum Z,(A) of L. 
Remark 4.3. It is obviously of interest to know when T: $3 --f Lp(W) has 
a closed extension L such that p(L) intersects (-co, co) and (L--l)-’ is 
Hermitian for A in p(L) n ( - co, cc ). Some information in this connection 
can be found in Section 6. 
Proof of Theorem 4.2. Let $ and {(Pi ) be as in the proof of Theorem 
1.1. Furthermore, we suppose that Ill/(x)/ <c-“~ for all x in W’, where 
c= volume of the unit ball in OX”. Then, as has been shown, 
II( T, - p) (Pi lip + 0 as k -+ co. Moreover, the hypotheses on q and qk imply 
easily that 
Thus lim inf, _ oc llq’pk Ilp . < Af, and hence for each E > 0, there are infinitely 
many positive integers k such that II(L - p) (Pk IJp < M+ E. It can be 
checked easily that {cpk } is a normal and noncompact sequence in Lp(W) 
(see, e.g., Schechter [7, pp. 74-751). Hence, by Theorem 4.1, the interval 
[p - M- E, p + A4 + E] intersects C,(L). Since E is arbitrary, the proof is 
complete. 
5. PROOF OF THEOREM 4.1 
Indeed, if Z,(A) does not intersect the interval [ -A4, M], then we have 
only two cases to consider. 
Case 1. There is an infinite sequence (A, > of real numbers in 
C-M, M] such that A - ;Ik has closed range and the dimension a(A - &) 
of the kernel of A - 1, does not vanish. 
Case 2. There are only finitely many eigenvalues of finite multiplicity in 
C-M Ml. 
If Case 1 holds, then since [-IV, M] is compact, there is a number A.,, in 
it such that {I, } has a subsequence converging to A,,. But then A,, is in 
C,(A) and hence in C,(A) by Remark 1.2. This is a contradiction. So sup- 
pose that Case 2 is valid. Then there is an E > 0 such that the same is true 
for the open interval (-M-E, M+ E). Let G be the finite dimensional vec- 
tor space spanned by all the eigenvectors corresponding to these eigen- 
values. Let X0 be the closed subspace of X such that A’= X0 @ G and B the 
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restriction of A to X,,. Then B is a closed operator densely defined on X,, 
with domain g(B) = g(A) n X,,, and 
(--M-E, M+&)cp(B). (5.1) 
We choose a 6 in [0, s/2) such that A, = A + 6 has zero in its resolvent 
set. Then obviously B, = B + 6 also has zero in its resolvent set and B;’ is 
the same as the restriction of A;’ to X0. By assumption, A;’ is Hermitian 
and hence by Proposition 3.4, B; ’ is also Hermitian. Now (5.1) implies 
that 
(-M-E+& M+E--G)cp(B,). 
Hence by Proposition 3.5, 
IIB,;‘II =v(B,‘)<(M+E-8)--l, 
i.e., 
ll(A+@4~(~+~--6) II4 
for all u E g(B). Since ( uk } is a normal noncompact sequence and G is 
finite dimensional, it follows that X0 must contain all but finitely many of 
the up?. But for all those ~4~‘s in X,,, 
By hypothesis, I\ (A + 6) uk /I < M + 6 for all k’s Hence A4 + E - 6 < A4 + 6, 
i.e., 6 > ~12, contradicting the choice of 6. 
6. AN EXAMPLE: THE LAPLACIAN 
In this section, we give a differential operator satisfying the hypotheses of 
Remark 3.9. Hence, by Theorem 3.8, it has Hermitian resolvent. 
Let A = C;=, a2/axf. Then -A: Y + Lp(W) is closable in Lp([w”) for 
1 <p < cc (in fact for 1 6p < co, but we are not interested in the endpoints 
in this section). Denote its closure again by -A. It is also well known that 
C( - A) = [0, 00) for 1 <p < 00. From the study of -A on ~5’(Iw”), a good 
candidate for the resolution of the identity for -A on Lp( [W”), 1 <p < 00, is 
given by {&;.}, where gj, is the multiplier operator for the ball {< E KY’: 
l<l’ <A>. But by the negative result of Fefferman in [3], 4. is not even a 
bounded operator on LP( II?‘) for p # 2 and n # 1. So let n = 1. Then by a 
classical result of M. Riesz, gj. is a bounded operator on Lp(lR) for 
1 <p < cc. It is then an easy matter to show that IIC?~ Ilp < 1 for all A > 0. 
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Moreover, it can be shown that {~j.} is indeed a resolution of the identity 
for -A( = - d’/dx2) for 1 <p < CD. Using the identity eiJB’/ = I- gj, + eiJ gj,, 
we can show that j/e”‘“’ lip 6 1 for all s in (- 00, CO), i.e., ~9;. is Hermitian. 
The details are omitted. 
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